FILLING AREA CONJECTURE AND OVALLESS REAL 
HYPERELLIPTIC SURFACES^ 



VICTOR BANGERT', CHRISTOPHER CROKE+, SERGEI V. IVANOV^ 
AND MIKHAIL G. KATZ* 

Abstract. We prove the filling area conjecture in the hyperellip- 
tic case. In particular, we establish the conjecture for all genus 1 
fillings of the circle, extending P. Pu's result in genus 0. We trans- 
late the problem into a question about closed ovalless real surfaces. 
The conjecture then results from a combination of two ingredi- 
ents. On the one hand, we exploit integral geometric comparison 
with orbifold metrics of constant positive curvature on real sur- 
faces of even positive genus. Here the singular points are Weier- 
strass points. On the other hand, we exploit an analysis of the 
combinatorics on unions of closed curves, arising as geodesies of 
such orbifold metrics. 
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1. To FILL A CIRCLE: AN INTRODUCTION 

Consider a compact manifold N of dimension n > 1 with a distance 
function d. Here d is not necessarily Riemannian. The notion of the 
Filling Volume, FillVol(A^'^, c?), of was introduced in |Gr83j . where 
it is shown that when n > 2, 

FillVol(A^", d) = mivo\{X''+\ g) (1.1) 
Q 

where X is any fixed manifold such that dX = N. Here one can even 
take a cylinder X = A^ x [0, oo). The infimum is taken over all complete 
Riemannian metrics ^ on X for which the boundary distance function 
is > d, i.e. the length of the shortest path in X between boundary 
points p and g is > d{p,q). In the case n = 1, the topology of the 
filling can affect the infimum, as is shown by example in |Gr83| 
Counterexamples 2 . 2 . B] . 

The precise value of the filling volume is not known for any Riemann- 
ian metric. However, the following values for the canonical metrics on 
the spheres (of sectional curvature +1) is conjectured in jGr83j . imme- 
diately after Proposition 2. 2. A. 

Conjecture 1.1. FillVol(5''^, can) = ^ujn+i, where cUn+i represents the 
volume of the unit {n + 1) -sphere. 

This conjecture is still open in all dimensions. The case n = 1 can 
be broken into separate problems depending on the genus of the fill- 
ing. The filling area of the circle of length 27i with respect to simply 
connected fillings {i.e. by a disk) is indeed 27r, by Pu's inequality ()2.1|) . 
of. [Be72a , applied to the real projective plane obtained by identify- 
ing all pairs of opposite points of the circle. Here one may need to 
smooth the resulting metric, with an arbitrarily small change in the 
two invariants involved. 

In Corollarv 11.81 below, we prove the corresponding result when the 
filling is by a surface of genus one. 

Remark 1.2. Consider a filling by an orientable surface Xi of posi- 
tive genus. Thus dXi = S^. We apply the same technique of glueing 
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antipodal points of the boundary together to form a nonorientable sur- 
face X2 (whose metric might again need to be smoothed as before). 
We are thus reduced to proving a conjectured relative version of Pu's 
inequality, see discussion around formula ()2.4|) . This conjecture is most 
easily stated by passing to the orientable double cover X3 of X2 with 
deck transformation r, as follows. 

Conjecture 1.3. Let X be an orientable surface of even genus with 
a Riemannian metric Q that admits a fixed point free, orientation re- 
versing, isometric involution r. Then there is a point p G X with 

distg(p,r(p))^ ^ TT 
area(^) ~ 4 

Remark 1.4. The analogous conjecture is false in odd genus |Pa04j . 

The original proof of Pu's inequality passed via conformal techniques 
(namely, uniformisation), combined with integral geometry (see |Iv02j 
for another proof). It seems reasonable also to try to apply confor- 
mal techniques to the proof of the conjectured relative version of Pu's 
inequality. This works well in the hyperelliptic case. 

Let X be an orientable closed aspherical surface. (By a surface in 
this context we mean one that comes with a fixed conformal structure 
and maps are conformal maps.) 

Definition 1.5. A hyperelliptic involution is a holomorphic map J : 
X ^ X satisfying = 1, with 2g + 2 fixed points, where g is the 
genus of X. A surface X admitting such an involution will be called 
hyperelliptic. 

The involution J can be identified with the nontrivial element in the 
center of the (finite) automorphism group of X {cf. |FK92| p. 108]) 
when it exists, and then such a J is unique, cf. [Mi95| p. 204]. Note 
that the quotient map 

Q:X^S^ (1.2) 
of such an involution J is a conformal branched 2-fold covering. 

Definition 1.6. The 2^' + 2 fixed points of J are called Weierstrass 
points. Their images in S"^ under the ramified double cover Q of for- 
mula p.2|) will be referred to as ramification points. 

Our result about hyperelliptic surfaces is the following. Given a 
circle Co C S"^ and a point wq G S"^ \Co, we can consider the orbifold 
metric with equator Co and poles at wq and at the image of wq under 
inversion in Cq, cf. SectionHJ Given a hyperelliptic surface Q : X S"^ 



4 



V. BANGERT, C. CROKE, S. IVANOV, AND M. KATZ 



together with a circle C d X double covering a circle Co C 5^, and a 
point w E X \ C ^ denote by 

AF{C,w) (1.3) 

the puUback to X of the orbifold metric for Co = Q{C) and Wq = Q{w). 
Given an involution t : X — > X fixing a circle, denote by X' C X its 
fixed circle. 

A closed oriented Riemann surface X is called ovalless real if it 
admits a fixed point free, antiholomorphic involution r, see Appendix 1X1 
for a more detailed discussion. 

Theorem 1.7. Let (X, r, J) be an ovalless real hyperelliptic surface of 
even genus g, and Q a Riemannian metric in its conformal class. Then 
there is a point p G X with 

distg(p,r(p))^ ^ TT 

area(^) "4' ^ ' ' 

Specifically, there exists a curve joining p and t{p), of length at most 

(l area(^))^''^, which consists of arcs of at most g + 1 special curves %. 
Each of the 7^ is a geodesic of the singular constant (positive) curvature 
metric 

AF{X^°',w,), 

where Wi is one of the Weierstrass points, while X'^°^ is the fixed circle 
of the involution t o J. 

Since every genus 2 surface is hyperelliptic |FK92l Proposition III. 7.2, 
page 100], we obtain the following corollary. 

Corollary 1.8. All orientable genus 1 fillings of the circle satisfy the 
filling area conjecture. 

For a precise calculation of a related invariant called the filling radius 
see )Ka83| IKL04j . An optimal inequality for CAT(O) metrics on the 
genus 2 surface is proved in |KS05j . Recently it was shown |KS04j that 
all hyperelliptic surfaces satisfy the Loewner inequahty sysvr^ < 72 area 
(see jBe72bj ). as well as all surfaces of genus at least 20 |KS05j . Ana- 
logues and higher dimensional optimal generalisations of the Loewner 
inequahty are studied in |Am04l IBK04I ITkImI IB(^IKj, cf. Section El 
Near-optimal asymptotic bounds are studied in IKaOBt IBB04t IKS05| 
ISaOSj . A general framework for the study of systolic inequalities in a 
topological context is proposed in jKR04j . 

The notion of an ovalless real hyperelliptic surface is reviewed in Ap- 
pendix El The relation of our theorem to Pu's inequality is discussed 
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in Section |21 The two-step proof of Theorem 11.71 is sketched in Sec- 
tion |21 An orbifold metric on the sphere that plays a key role in the 
proof is described in Section |3] The key integral-geometric ingredient 
of the proof appears in Section |S1 The two steps appear, respectively, 
in Section ini and Section [7| 

2. Relative Pu's way 

In the companion paper |B(TKj . we study certain optimal systolic 
inequalities for a Riemannian manifold {X,Q), depending on a pair 
of parameters, n and b. Here n is the dimension of X, while b is its 
first Betti number. The definitions of the systolic invariants stsys^(^), 
confsysi(^), and sys7ri(^) can be found in the survey |CK03j . while 
the Ab el-Jaco bi map in jll69] . [H^QOl p.249], cf. pi95l p. 249], |BKn41 
(4.3)], |IK04j . The proof of the inequalities involves streamlining and 
generalizing the techniques pioneered in |BI94|lBT95ij and [Gr99t pp. 259- 
260] {cf. [CK^ inequality (5.14)]), resulting in a construction of Abel- 
Jacobi maps from X to its Jacobi torus T^, which are area-decreasing, 
with respect to suitable norms on the torus. The norms in question are 
the stable norm, the conformally invariant norm, as well as other 
norms. 

The study of the boundary case of equality in the case n = b + 2 
depends on the filling area conjecture and/or a suitable generalisation 
of Pu's inequality, as we now discuss. The inequality of P. Pu |Pu52j 



{cf. jlv02j ) can be generalized as follows: every surface {S, Q) which is 
not a 2-sphere satisfies the inequality 

sys'K^{gf < ^area(e;), (2.1) 

where the boundary case of equality is attained precisely when, on the 
one hand, the surface S" is a real projective plane, and on the other, 
the metric Q is of constant Gaussian curvature. See |lK04j for a more 
detailed discussion. 

Now let be a nonorientable closed surface. Let : t^i{S) — Z2 be 
an epimorphism, corresponding to a map (p : S —>■ MP^ of absolute de- 
gree +1. We define the "1-systole relative to 0", denoted sysi(5', (p, Q), 
of a metric Q on S, by minimizing length over loops 7 which are not 
in the kernel of 0: 

sysi(5, 0, g) = min {length(7) : (f){[^]) ^ G (2.2) 

Question 2.1. Does every nonorientable surface {S,Q) and map (p : 
S MP^ of absolute degree one, satisfy the inequality 

sysi(^,0,e?)2 < |area(e?), (2.3) 
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which can be thought of as a relative version of Pu's inequahty? 
This question appeared in |CK03| conjecture 2.7]. Let 



<y2 = sup — — , 2.4 

(5,g) area(g) 

where the supremum is over all triples {S,Q,(f)) as above. Thus we ask 
whether ct2 = |. The answer is affirmative in the class of metrics Q 
whose underlying conformal structure (on the associated orientable sur- 
face) is hyperelliptic, cf. Theorem 11.71 

Consider a genus one filling Xi of the circle S^, and the associated 
nonorientable surface X2, cf. Remark 11.21 Then X2 is diffeomorphic 
to the connected sum 3MP^ of 3 copies of the real projective plane. 
A path joining a pair of opposite points of = dXi corresponds to a 
1-sided loop in X2, and thus defines an element of 7ri(X2) outside the 
subgroup 7ri(X3) C 7ri(X2). We can therefore restate Corollarv 11.81 as 
follows. 

Theorem 2.2. Consider the homomorphism (p : 7ri(3MP^) — > Z2 whose 
kernel is the fundamental group of the orientable double cover ofSM.P'^. 
Then the relative systole sjSi{3M.P^ , 0, Q) satisfies relative Pu's inequal- 
ity 0. 

An analogue for higher dimensional manifolds of the relative 1-systolic 
ratio was studied in |Ba04j . 



It was shown in |IK04j that (T2 G [f , 2]. Furthermore, a theorem was 
proved in |IKn4j . which in the case of the manifold MP^ x T'' states 
that every metric Q on RP^ x T'' satisfies the following inequality: 

b 

stsysi(^) sys7ri(^)^ < 0-27^' vol6+2(^), (2.5) 

where a2 is the optimal systolic ratio from (j2.4j) . 

Answering Question 12. II in the affirmative would allow one to charac- 
terize the boundary case of equality in equation (j2.5|) . Our Theorem ll.7l 
can be thought of as a partial result in this direction. Calculating (J2 
depends on calculating the filling area of the Riemannian circle. Re- 
moving the hyperellipticity assumption of Theorem II . 71 would amount 
to proving the filling area conjecture Gr83], as explained in section [H 

3. Outline of proof of Theorem 11.71 

We will prove Theorem 11.71 in a way modeled on Pu's proof. The 
idea is to obtain estimates for an arbitrary metric in the conformal 
class of a hyperelliptic surface, by applying integral geometry to the 
quotient metric (by the hyperelliptic involution) on the 2-sphere. We 
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start with a metric in the conformal class of an ovalless real hyperelliptic 
surface (X, r, J) of even genus g and area A, and then proceed as 
follows. 

Step 1: In Lemma 16.21 we will show that we may assume that 
the commuting involutions J and r are isometrics of our metric. Hence 
there is an induced metric Qi = P{x)Qo of area A/2 on S"^ (here /(x) is 
a nonnegative square integrable function) which pulls back (away from 
the Weierstrass points) to our original metric on X. The involution r 
induces an orientation reversing isometry, denoted tq, on S'^ which can 
be assumed to be the map that leaves the equator fixed and exchanges 
the northern and southern hemispheres. Clearly, Tq maps ramification 
points to ramification points, and hence there are g + 1 oi them in each 
hemisphere. 

Step 2: There is a loop 7 on S*^ of ^i-length < -^/jA through a 
point p on the equator (hence p is fixed by tq) such that a lift of 7 
starting at a preimage, p, of p back on X is not closed. 

We call a loop whose ^i-length < ^JjA an optimally short loop. 
The loop we find lies in a hemisphere. In fact, we find a loop with a 
lift that is not closed, i.e. the sum of the winding numbers about the 
ramification points in the hemisphere is odd. 

Note that this proves the theorem since the endpoints of such a lift 
would have to be p and r(p) since the fact that p is fixed by tq means 
that T (which has no fixed points) must exchange the two (distinct) 
preimages of p. 

4. Near optimal surfaces and the football 

It is often useful in the proof of sharp inequalities to keep in mind 
how the argument applies to spaces that are optimal or near optimal. 
We present such a discusson below, and also find some optimally short 
loops on these optimal surfaces. 

A special role here is played by the simply connected 2-dimensional 
orbifold AF(7r,7r), which we will refer to henceforth as an (American) 
football, see Figure EIH c/. |iBo94j . It is the orbifold of constant cur- 
vature with a pair of conical singularities, each with total angle tt. We 
denote the metric Qaf- 

Denote by Qq the round metric of Gaussian curvature +1 on the 
2-sphere. Here S"^ = C U {00}, with the usual coordinates (x, ?/) = 
{Jk{z),%z)),z e C. We have 

go = ,^ ^ {dx' + dy') , (4.1) 

(1 + + y^) 

cf. !Ri 18541 p. 292]. 
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Proposition 4.1. The football admits the following two equivalent de- 
scriptions: 

(1) The orbifold AF{tt,tt) is obtained from a round hemisphere by 
folding its boundary in two, i.e. using an identification on the 
boundary which is a reflection with 2 antipodal fixed points. 

(2) The rotation by it around the z-axis in gives rise to a ramified 
double cover D : (5*^,^0) ~^ AF'^tTjTt), which is a local isometry 
away from the poles. 

Furthermore, the orbifold metric Qaf can be expressed in terms of the 
standard metric by means of the following conformal factor: 

^^""■'ao. (4,2) 



4r 



2 



where 0{r) — > as r 0, while r = \z\ = x"^ + y 

Proof. The equivalence of the first two definitions is clear. Let us relate 
the first definition to the third. We represent a hemisphere defining 
the orbifold as the upperhalf plane C C. Then the orbifold can 
be viewed as a quotient of {H^,Qq), where the positive and negative 
rays of the x-axis are identified. Denote by w the complex coordinate 
in H^. 

By the uniqueness of the underlying conformal structure, there exists 
a conformal map c : {H'^,w) —>■ {S'^,z), identifying the orbifold with 
the 2-sphere, with complex coordinate z. In our coordinates, we can 
represent c by the map z = w"^. Here the singular points of the orbifold 
correspond to and 00. Since = 2w, the metric Qq pulls back 
under c to the quadratic differential c*{Qq){w) = fi{\w\'^)Qo, where 

Mt) = 4t^^ = 4t(l + 0(t)). 

Note that Qo restricted to is precisely the orbifold metric c*{Qaf) 
we are looking for. Thus 



as required. □ 

Remark 4.2. The function is locally square integrable in C, which 
is important for our applications, cf. Proposition IB. II of Appendix |B| 
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Example 4.3. The football AF{tt, tt) arises in the typical example 
where the associated systolic ratio is close to being optimal. Thus, 
start with a round MP^. Attach a small handle. The orientable double 
cover X can be thought of as the unit sphere in M^, with two little 
handles attached at north and south poles, i.e. at the two points where 
the sphere meets the 2;-axis. Then one can think of the hyperelliptic 
involution J as the rotation of X by vr around the 2;-axis. The six 
Weierstrass points are the six points of intersection of X with the z- 
axis. The orientation reversing involution r on X is the restriction to X 
of the antipodal map in M.^. The composition r o J is the reflection 
fixing the xy-plane, in view of the following matrix identity: 

-10 \ /-I 0\ /l \ 
-1 -10 = 01 . (4.3) 
0-l/\0 1/ \0 0-l/ 

Meanwhile, the induced orientation reversing involution tq on S"^ can 
just as well be thought of as the reflection in the xy-plane. This is 
because, at the level of the 2-sphere, it is "the same thing as" the 
composition r o J. Thus the fixed circle of tq is precisely the equator, 
cf. formula ()A.3|) . Then one gets a quotient metric on S'^ which is 
roughly that of the western hemisphere, with the boundary longitude 
folded in two, cf. Proposition ^2^2). The metric has little bulges along 
the 2;-axis at north and south poles, which are leftovers of the small 
handle. 

5. Finding a short figure eight geodesic 

In our case, the optimal metric is not round, so it is natural to 
consider geodesies on the football AF(7r, vr) instead of the round sphere. 
The branched double cover D : AF{7t,7i) of Proposition 14. If 2) 

pulls back Qaf to the standard metric Qq on S^. This allows us easily 
to see the shape of the ^AF-geodesics. They are of figure eight type 
with their point of self intersection on the equator (except the ones 
through the poles), see Figure EUl Note also that the loop in each of 
the northern and southern hemispheres winds around the pole precisely 
once. 

Starting with a square integrable function f{a) on AF{tt, tt), we can 
pull it back to S"^ and apply Lemma fB. II to obtain the following. 

Lemma 5.1. There is a QAp-Q^odesic 7 satisfying the following esti- 
mate: 

f{l{t))dt^ <n I^J-\a)da = 2na.Tee.{f'gAF). 




Figure 5.1. Figure eight geodesies on a football, cf. fl4.2|) 



The factor of 2 comes from the fact that the area of the pull back of 
the (possibly singular) metric PQaf in S"^ (under the double cover S"^ 
AF{7r, it)) has twice the area of the original metric. Lemma I^ITI implies 
the following. Assume that our function / is symmetric with respect to 
the inversion in the equator. Then with respect to the metric J'^Gafi 
the length L of each of the two hoops of the figure eight curve, satis- 
fies the desired inequality L < ^^^A{PQAF)■ This inequality is sharp, 
since A[PQaf) is half the area A of the original hyperelliptic surface. 

6. Proof of circle filling: Step 1 

Let X be an ovalless real hyperelliptic surface of even genus g. Let J : 
X ^ X he the hyperelliptic involution, cf. Definition II. 51 Let r be the 
antiholomorphic involution defining the real structure, cf. Appendix 1X1 

Lemma 6.1. The involution r commutes with J and descends to S"^ . 
The induced involution tq : S"^ —>■ S"^ is an inversion in a circle Cq = 
Q{X'^°'^). The set of ramification points is invariant under the action 
of tq on S'^ . 
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Proof. By the uniqueness of J {cf. Appendix we have the commu- 
tation relation 

r o J = J OT, (6.1) 

cf. relation ()4.3|) . Therefore r descends to an involution tq on the 
sphere. Suppose tq were fixed point free. Then it would be conjugate 
to the antipodal map of S*^. Therefore, the set of the 2g + 2 ramification 
points on S*^ is centrally symmetric. Since there is an odd number, g+1, 
of ramification points in a hemisphere, a generic great circle A G S"^ has 
the property that its inverse image Q~^{A) C X is connected. Thus 
both involutions r and J, as well as r o J, act fixed point freely on the 
loop Q~^{A) C X, which is impossible. Therefore tq must fix a point. 
It follows that To is an inversion in a circle. □ 



The next lemma allows us to assume that J and r are isometries of 
the metric. 

Lemma 6.2. Let F denote a conformal involution of X, and let Q = 
^{Q + F*Q} be the averaged metric. Then for all p,q E X we have 

distg(p,g)^ ^ (|{distg(p,g) + distg(F(p),F(g))})^ 
area(^) ~ area(^) 

and hence if Theorem \1.7\ holds for Q then it holds for Q, as well. 

Remark 6.3. Applying Lemma [6.21 to F = t and q = t{p), we obtain 
a r- invariant metric Q~ , conformal to Q, such that 

distg- {p,qf ^ distg(p,g)^ 
area(^~) ~ area(^) 

If we apply Lemma lU?^ to Q~ and F = J, q = t{p), we obtain a J- 
invariant metric Q, also conformal to Q. Now inequality ()6.2j) implies 
that if Theorem 1 1 . 71 holds for Q, then it holds for Q as well. Moreover, 
since J and r commute, Q is also r-invariant. 

Proof. Since F is a conformal diffeomorphism, we have F*Q = f^Q 
for some smooth positive /. Then Q = |(/^ + 1)^. (Note that a 

similar proof works also with Q = (i(/ + l))^^ as an average.) Let dx 
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represent the volume element of Q. We have 
area(^) = J^{f{x) + l)dx 

= ^ (^j f{x)dx + j Idx 

= i(area(F*(^)) + area(^)) 
= area(^), 

and thus the denominator is unchanged. As for the numerator, start 
with any curve 7 from p to q, then -^(7) is a curve from F{p) to the 

point F{q). The length element for Q is \J'^^^ > so that length 
of the curve 7 for the averaged metric is bounded below by the average 
of the length of the curves 7 and F o 7 for the original metric. Thus 
taking 7 to be a ^ minimizing path, we obtain 

distg(p,g) = Lg(7) 

> ^(Lg(7)+Lg(Fo7)) 

> i{distg(p, q) + distg(F(p), 

proving inequality ()6.2|) . □ 

Now if inequality ()1.4|) holds for Q then there is a p such that j > 
^J^^S^PiL^. Hence either f > ^ii^teMl!, or f > distg(F(,) 

and the inequality follows for as well. From now on we will assume 
that J and r are isometries. 



7. Proof of circle filling: Step 2 

Let Co = Q{X'^°^) C S*^ be the fixed circle of the involution tq. 
Let if C S*^ be a connected component of S"^ \ Cq. Since the set 
of Weierstrass points is invariant under r, there is an odd number of 
ramification points, namely g' + 1, in the "hemisphere" H. 

We need to find a optimally short loop {i.e. a loop satisfying L < 
based at a point on the "equator" Cq whose lift does not close 
up, and hence connects an orbit of r. 

Lemma 7.1. For every ramification point w G H , there is an optimally 
short loop (half of a figure 8 loop) in H with unit winding number 
around w . 
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Proof. By using a Mobius transformation if necessary, we can assume 
that Co is a great circle and our ramification point w & S"^ is the polar 
point of the great circle Cq. 

Recall that S"^ carries a metric induced from X. We then can use a 
conformal diffeomorphism from AF{7r, vr) to S"^ which takes the rami- 
fication points to the poles, to pull the metric back to AF{tt, vr). 

Namely, we compare our surface X to AF{X^°-\ w), cf. formula (fO|l . 
Here AF{X'^°'^ ,w) double covers AF{'n',7T), while the circle X'^°'^ dou- 
ble covers Cq under Q. Recall that the conformal factor of our metric 
may be assumed invariant under r. Hence Lemma f5. II produces an op- 
timally short loop (half of a figure 8 curve) with unit winding number 
around w, based at a point of Cq. 

By placing ourselves in a generic situation, we can assume that the 
loops we work with do not pass through ramification points, and thus 
the winding number is well defined. Namely, we assume that the geo- 
desic we pick on AF{7r, n) is generic. This worsens the resulting esti- 
mate by an arbitrarily small e > 0. But if we prove that the optimal 
systolic ratio is within e of 7r/2 for arbitrary e, then it certainly follows 
that it equals it/2. □ 

Note in the above we will need to take a different Mobius transfor- 
mation for each w. 

If a loop produced by Lemma 17.11 encircles no other ramification 
points, then its lift to the ovalless real hyperelliptic Riemann sur- 
face (X, r, J) connects an orbit of r, and we are done with Step 2. 
Otherwise we argue as follows. 

Fix a finite set S of points in the hemisphere. In the end, S will be 
the set of ramification points, but the argument involves subsets, too. 
The loops involved in the argument are not assumed simple. Given a 
loop b, denote by Ws{b) the set of points of 5* for which the winding 
number of b is odd. 

Lemma 7.2. Let b and c be smooth optimally short loops in a disk, 
such that the set \Ws{c) \ Ws{b)\ is odd. Then there is an optimally 
short loop h (with the same basepoint as either b ore) such that \ Ws{h)\ 
is odd. 

Proof. Consider a double ramified cover of the disk, with ramification 
points at S. Given a loop, the number of points with odd winding 
number is even if and only if the lift of the loop to the cover closes up. 

Choose a fixed lift of the loop b, and a fixed lift of the loop c. Suppose 
both lifts are closed. The points of the intersection 6 fl c fall into two 
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types: "crossroads", where their hfts intersect, as well; and "bridges", 
where the lifts do not intersect, i.e. lie in different sheets of the cover. 

It suffices to find two intersection points of different types. Indeed, 
if p and q are such points, consider the arc of b between p and q not 
containing the basepoint, and the similar arc of c. Exchanging these 
arcs produces a new pair of loops of the same combined length, whose 
lifts do not close up. Hence one of them is optimally short, as required. 

We need the fact that a self-intersection of one of the loops remains a 
self- intersection after lifting. Suppose it does not. Then we have a sub- 
loop, not containing the basepoint, whose lift is not closed. Remove 
this sub-loop from the original loop. Then the remaining loop has the 
desired property: it is optimally short, and its lift is not closed. 

To find a pair of intersection points of different types, we argue by 
contradiction. Assume that they are all crossroads (if bridges, change 
the lift of b). Thus, we have a (homeomorphic) lift of the union of the 
loops bU c. Hence every simple loop contained in this union lifts to 
a closed curve, and therefore encircles an even number of ramification 
points. Consider the graph F in the disk, defined by the union of 
the two loops. Let Fj be the faces {i.e. connected components of the 
complement) of F containing points from Ws{c) \ Ws{b). Consider the 
subgraph UjFj of F, and note that 

Ws{c)\Ws{b)cU,F,. (7.1) 

Since |VF5'(c)\ 1^5(6)! is odd, formula ()7.ip implies that one of the faces, 
say Fjg, must contain an odd number of points Wj from Ws{c) \ Ws{b). 
By construction, for each such Wj G -Fj^, the loop c has odd winding 
number, while the loop b has even winding number. Any ramification 
point p e Fjg can be connected to a Wj by a path disjoint from bU c. 
Hence the loops b and c have the same winding number with respect to p 
as with respect to Wj. Hence in fact we have p G Ws{c) \ Ws{b) C S. 

We conclude that Fi^ contains an odd number of ramification points. 
Hence the lift of its boundary does not close up. This contradicts the 
assumption that all intersection points are crossroads, and proves the 
lemma. □ 

Lemma 7.3. Let S be an odd pointset in the interior of a Riemann- 
ian disk. Consider a family of smooth simple loops 71, . . . , 7^ based at 
distinct points of the boundary. Let L > 0, and assume each loop is of 
length at most L, and that each point of S is in the interior of at least 
one of the loops. Then the union of the loops contains a subloop 7, 
also based at a point of the boundary and of length at most L, such 
that Ws^Cl) is odd. 
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Proof. Let 15*1 = 2n + 1. The proof is by induction on n. Let 6 = 71. 
If Ws{b) is odd, the desired short loop is 7 = 6. Assume Ws{b) is even. 
By the inductive hypothesis apphed to the odd set 

So = S\Ws{b) (7.2) 

in place of S, there is a short loop c such that Ws^{c) is odd. A priori 
the loop c might have odd winding number with respect to additional 
points in Ws{b), but at any rate the equality 

Ws{c)\Ws{b) = Ws,{c) 

allows us to apply Lemma 17.21 to the pair of loops b and c, completing 
the proof of Lemma (7.31 and Step 2. □ 

Appendix A. Ovalless reality and hyperellipticity 

A.l. Hyperelliptic surfaces. For a treatment of hyperelliptic sur- 
faces, see jMi95i p. 60-61]. By pi95l Proposition 4.11, p. 92], the 
affine part of a hyperelliptic surface X is given by a suitable equation 
of the form 

w' = fiz) (A.l) 

in C^, where / is a polynomial. On this affine part, the map J is given 
by J{z, w) = {z, —w), while the hyperelliptic quotient map Q : X ^ 
is represented by the projection onto the ^-coordinate in C^. 

A slight technical problem here is that the map X — > CP^, whose 
image is the compactification of the solution set of ()A.1|) . is not an 
imbedding. Indeed, there is only one point at infinity, given in homo- 
geneous coordinates by [0 : w : 0]. This point is a singularity. A way 
of desingularizing it using an explicit change of coordinates at infin- 
ity is presented in [Mi95l p. 60-61]. The resulting smooth surface is 
unique |DaS98| Theorem, p. 100]. 

To explain what happens "geometrically", note that there are two 
points on our affine surface "above infinity" . This means that for a large 
circle \z\ = r, there are two circles above it satisfying equation ()A.1|1 
where / has even degree 2^' + 2 (for a Weierstrass point we would only 
have one circle). To see this, consider z = re*". As the argument a 
varies from to 27r, the argument of f{z) will change by {2g + 2)27r. 
Thus, if (re*", w(a)) represents a continuous curve on our surface, then 
the argument of w changes by {2g + 2)71, and hence we end up where 
we started, and not at —w (as would be the case were the polynomial 
of odd degree). Thus there are two circles on the surface over the 
circle \z\ = r. We conclude that to obtain a smooth compact surface, 
we will need to add two points at infinity, cf. discussion around ^FK92| 
formula (7.4.1), p. 102]. 
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Thus, the affine part of X, defined by equation (jA.ljl . is a Riemann 
surface with a pair of punctures pi and p2- A neighborhood of each pi 
is conformally equivalent to a punctured disk. By replacing each punc- 
tured disk by a full one, we obtain the desired compact Riemann sur- 
face X. The point at infinity [0 : w : 0] G CP^ is the image of both pj. 

A. 2. Ovalless surfaces. In our case, the hyperelliptic Riemann sur- 
face X admits an antiholomorphic involution r. In the literature, the 
components of the fixed point set of r are sometimes referred to as 
"ovals". Since in our situation r is fixed point free, we introduce the 
following terminology. 

Definition A.l. A hyperelliptic surface {X,J) of even genus g > 
is called ovalless real if one of the following equivalent conditions is 
satisfied: 

(1) X admits an imaginary refiection, i.e. a fixed point free, orien- 
tation reversing involution r; 

(2) the affine part of X is the locus in of the equation 

= -P{z), (A.2) 

where P is a monic polynomial, of degree 2^' + 2, with real 
coefficients, no real roots, and with distinct roots. 

Lemma A.2. The two ovalless reality conditions of Definition \A.l\ are 
equivalent. 

Proof. A related result appears in |GrH8H p. 170, Proposition 6.1(2)]. 
To prove the implication 2 =^ 1, note that complex conjugation leaves 
the equation invariant, and therefore it also leaves invariant the locus 
of ()A.2|) . A fixed point must be real, but P is positive hence ()A.2|) has 
no real solutions. There is no real solution at infinity, either, as there 
are two points at infinity, which are not Weierstrass points since P 
is of even degree, as discussed above. The desired imaginary refiec- 
tion r switches the two points at infinity, and, on the affine part of the 
Riemann surface, coincides with complex conjugation {z, w) t-^ {z, w) 
in C^. 

To prove the implication 1 =^ 2, note that by Lemma 16.11 the 
induced involution tq on S"^ = Xj J may be thought of as complex 
conjugation, by choosing the fixed circle of tq to be the circle 

M U {oo} C C U {oo} = (A.3) 

Since the surface is hyperelliptic, it is the smooth completion of the 
locus in of some equation of the form ()A.2|) . as discussed above. 
Here P is of degree 2g + 2 with distinct roots, but otherwise to be 
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determined. The set of roots of P is the set of (the 2;-coordinates 
of) the Weierstrass points. Hence the set of roots must be invariant 
under tq. Thus the roots of the polynomial either come in conjugate 
pairs, or else are real. Therefore P has real coefficients. Furthermore, 
the leading cofficient of P may be absorbed into the w-coordinate by 
extracting a square root. Here we may have to rotate w by but at 
any rate the coefficients of P remain real, and thus P can be assumed 
monic. 

If P had a real root, there would be a ramification point fixed by tq. 
But then the corresponding Weierstrass point must be fixed by r, as 
well! This contradicts the fixed point freeness of r. Thus all roots of P 
must come in conjugate pairs. □ 



Appendix B. A double fibration and integral geometry 

In the proof of Pu's theorem, as well as our argument here (see 
Lemma fS.H) . one uses the following integral geometry result. It has its 
origin in results of P. Funk [Ful6^ determining a symmetric function on 
the two-sphere from its great circle integrals, cf. |He99l Proposition 2.2, 
p. 59], as well as Preface therein. 

B.l. A double fibration of 50(3). Note that the sphere 5*^ is the 
homogeneous space of the Lie group 5*0(3), so that 5^ = 50(3)/50(2). 
Denote by 50 (2)^- the fiber over (stabilizer of) a typical point a G 5^. 
The projection 

p : 50(3) -> 5^ (B.l) 

is a Riemannian submersion for the standard metric of constant sec- 
tional curvature \ on 50(3). The total space 50(3) admits another 
Riemannian submersion, which we denote 

q : 50(3) ^ MP2, (B.2) 

whose typical fiber 7 is an orbit of the geodesic fiow on 50(3) viewed 
as the unit tangent bundle of 5^. 

Each orbit 7 projects under p to a great circle on the sphere. We 
think of the base space MP^ of q as the configuration space of oriented 
great circles on the sphere, with measure ^7. The diagram of Figure lBlTI 
illustrates the maps defined so far. 

B.2. Integral geometry on 5^. Let / be a square integrable function 
on 5^, which is positive and continuous except possibly for a finite 
number of points where / either vanishes or has a singularity of type 
cf. Remark lO 
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Figure B.l. Integral geometry on 5*^, cf. ()B.1|) and ()B.2|) 



Proposition B.l. There is a great circle 7 such that the following two 
equivalent inequalities are satisfied: 

(1) we have (^f^ f{'y(t))dt^ < n j^^ P{(^)d(y , where t is the ar- 

clength parameter and da is the Riemannian measure on the 
standard unit sphere. 

(2) there is a great circle of length L in the metric f^Qo, so that 

< ttA, where A is the Riemannian surface area of the metric 
f'Go. 

In the boundary case of equality in either inequality, the function f 
must be constant. 

Proof. The proof is an averaging argument and shows that the average 
length of great circles is short. 

Denote by -Eg (7) the energy, and by Lg{'y) the length, of a curve 7 
with respect to a (possibly singular) metric Q = f'^Go- We apply Fu- 
bini's theorem |Ru87l p. 164] twice, to both p and q, to obtain 




= 271 area(^). 
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proving the formula since area(MP^) = 47r. In the boundary case of 
equahty, length and energy must be equal and therefore the function / 
must be constant along every great circle, hence constant everywhere 
on □ 
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